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, Abstract. It is a longstanding problem whether every contractible Banach algebra is 

■ necessarily finite-dimensional. In this note, we confirm this for Banach algebras acting 

on Banach spaces with the uniform approximation property. This generalizes a result of 
O ■ Paulsen and Smith who proved the same for Banach algebras acting on Hilbert spaces. 

o 

! A unital Banach algebra A is said to be contractible or super- amenable if H^{A, V) = 

for every Banach A-bimodule V; or equivalently, if A has a diagonal. A diagonal is an 
^ ' element Q ® di in the projective tensor product A^ A such that 

^ . ||cj|| \\di\\ < +00, aci ® di = Cj ® ditt for every a G A, and Cidi = 1. 

, i=l i=l i=l 1=1 

It is a longstanding problem whether every contractible Banach algebra is finite-dimensional 
(and hence is a finite direct sum of full matrix algebras). See Section 4.1 in [5]. 
For a Banach algebra A, we define the ideal of "compact right multipliers" as 
> ' 

\Q I Kr{A) = {x E A : the operator A 3 a i-^ ax E A is compact}. 

^ ! Observe that Kr{A) is indeed a closed two-sided ideal of A. Likewise, one considers the 
^ I ideal Ki{A) of compact left multipliers, which need not be the same as Kj.{A). A unital 
O ' Banach algebra A is finite-dimensional if and only if Kr{A) = A. For example, if A = c is 
the Banach algebra of convergent sequences, then Kr{A) = cq and Kr{A) has codimension 
1 in A. This phenomenon does not occur in case A is contractible. Indeed, this follows 
from the following standard fact, which we put a proof for the reader's convenience. 

^ i Lemma. Let A be a contractible Banach algebra, V a left A-modul^ and W G V an 
?H I A-submodule. If W is complemented in V as a Banach space, then it is complemented 
as an A-module. If a closed left ideal L of A is complemented in A (e.g., if A/L is 
finite- dimensional) , then there is an idempotent e such that L = Ac. If L is moreover a 
two-sided ideal, then the idempotent e is central. 
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^ All modules in this note are Banach modules. 

^ Complemented = a direct summand = the range of a bounded linear projection. 
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Proof. Out of a bounded linear projection P from V onto W, one obtains a left A-module 
projection Q, by Q : x ^ CiP{dix). Now, let = A and W = L. Then, e = Q{1) is an 
idempotent such that L = Ae. When L is a two-sided ideal, one has ex = exe for every 
X E A and e = ^ ecjrfj = ^ ecicdi = ^ Cicdie = ^ Qerfj, which is central. □ 

Thus, every finite-dimensional representation of a contractible Banach algebra A factors 
through A ^ Ae where e is a central idempotent in Kr{A). In particular, if an infinite- 
dimensional contractible Banach algebra A exists, then A/Kr{A) is a contractible Banach 
algebra having no finite-dimensional representations. Further taking a quotient by a 
maximal ideal, one obtains an infinite-dimensional quotient of A which is simple. 

Recall that a Banach space V is said to have the approximation property, or AP in 
short, if there is a net {(pk) of finite-rank operators on V which converges to idy uniformly 
on compact subsets. See [1]. 

Proposition. Let A be a contractible Banach algebra and V a left A-module with the AP. 
Then, Kr{A)V is dense in V . In particular, A3 av eV is compact for every v E V . 

Proof. Let v E V. Take a net {(pk) of finite-rank operators on V as above. We may assume 
that < +00 and \\di\\ — )■ 0. Thus Vk := J2i CiPk{div) — )■ CidiV = v as k tends to 

infinity. Fix k and expand pk as ^ ^*®aigV". Then, Vk = J2j{J2i^i^jid'iv))wj. 

We observe that x := Yli CiVi^i) £ Kr{A) for every rj G A*. Indeed, this follows from the 
fact ax = Cirj^dio) = lim„ J^i^i Ciri{dia), where the convergence is uniform for a in the 
unit ball of A. Therefore, JZi'^i^ji^'iv) G Kr{A) for every j, and Vk G Kr{A)V. □ 

Corollary ([6j). Every contractible Banach algebra with the AP is finite- dimensional. 

Corollary. Every contractible Banach algebra A with Kr{A) = (e.g., A is simple and 
infinite- dimensional) does not act on a non-zero Banach space with the AP. 

A classical theorem of Bernard and Cole states that if A C B{H) is a Banach subalgebra 
of bounded linear operators on a Hilbert space H and / C A is a closed two-sided ideal, 
then the quotient Banach algebra A/ 1 is again (isometrically isomorphic to) a Banach 
subalgebra of B{H) for some Hilbert space H. Since Hilbert spaces have the AP, this fact 
together with the above results recovers Paulsen and Smith's theorem ([^) that every 
contractible Banach algebra acting on a Hilbert space is finite-dimensional. On the other 
hand, it is not known whether Bernard and Cole's theorem extends to, for example, Lp- 
spaces (see P]). Thus, it requires an additional work to extend Paulsen and Smith's 
theorem from a Hilbert space to an Lp-space. Recall that a Banach space V has the 
uniform Grothendieck approximation property, or UGAP in short, if every ultrapower of 
V has the AP (see [Ij). All Lp-spaces {1 < p < 00) have the UGAP. More generally, 
UGAP-valued Lp-spaces still have the UGAP. 



A REMARK ON CONTRACTIBLE BANACH ALGEBRAS 



3 



Theorem. Let A be a contractible Banach algebra and V a left A-module with the UGAP. 
Then, the image of A in B{V) is finite- dimensional. 

Proof. Assume that the conclusion does not hold. We may assume that A is an infinite- 
dimensional Banach subalgebra of B{V) and choose a weakly null net (a„)„e/ in A such 
that ||a„|| = 1 for all n. Let U he a cofinal ultrafilter on the index set I and consider the 
ultrapower of V. Then, A acts on diagonally. It induces a right A action on the 
dual Banach space (V^)*, given by (^a)(f) = ^{av) for ^ G (V^)*, a e A and v G V^. 
Since V has the UGAP, [V^)* has the AP by Heinrich's theorem. Indeed, this follows 
from the fact that (y^)** has the UGAP (see Theorem 9.1 and Proposition 6.7 in ^). 
Choose a net (f„) of unit vectors in V such that ||anfn|| 1 and let w G be the 
unit vector represented by (a„f„). Since for every compact left multiplier x G Ki{A) the 
net (xttn) is norm null, one has Ki{A)w = and (V^)* Ki{A) C {w}-^. However, this is 
in contradiction with the above proposition applied to the right A-module (V^)*, which 
reads that {V^yKi{A) is dense in (\/")*. □ 
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